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Engineering biology: historical view

control of cell fate tracking, recognizing, killing cancer cells

Courtesy of Tal Danino

engineered microbiome

human performance enhancement 

regenerative
medicine curing disease



Decision making is encoded in synthetic DNA

Bacterium

Chromosome Plasmids

synthetic DNA
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How do we engineer cells with de novo decision making

Synthetic DNA encodes genes that express proteins regulating expression of other genes (synthetic/endogenous)
§ regulatory interactions create circuits
§ interactions can be externally controlled by chemical signals

activator (input u)repressor (input u)

A biomolecular oscillator
genetic module

mRNA

protein (output    )

promoter

translation

transcription

gene

y
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synthetic DNA (Elowitz and Leibler, Nature 2000)

ẋ = f(x, u, ✓)

y = h(x)
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Tempting  in engineering biology: 
layered and modular composition

- we have large libraries of genetic 
parts 

- we can synthesize DNA very 
quickly 

DNA read

DNA write

doubling every 2 years

# transistors 
per chip

Describing a sophisticated 
system as the composition of 
simpler subsystems helps 
overcoming the complexity of 
design:

- we “forget” the  details 
within subsystems  when we 
compose them

- feedback can maintain I/O 
properties providing 
simplified abstractions for 
layered design

Modular design in engineering biology

for a circuit with 11  genes it takes 
one PhD  thesis of 5-6 years
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increased scale is becoming possible  

modularity is critical to manage complexity/time  
the  I/O behavior of a “module” should not change upon
composition

in practice, modularity fails 
a system’s I/O properties are affected by surrounding systems
à need to re-design “modules”  after composition



Some reasons why modularity is a challenge
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Cellular ‘circuitry’, growth, … 
Modules often have “off-target” interactions, affect growth rate, and 
this, in turn, has global effects on a module’s dynamics

Cellular resources
Loads applied by downstream modules change the behavior of 
upstream systems

Modules  apply a load the cellular resources: creates subtle couplings
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control and synthetic biology
synthetic biology

# articles in biology journals

re
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#

source: Web of Sci

(Del Vecchio, Hespanha, Klavins, Papachristodoulou, Sontag, …)

(Bates, Del Vecchio, Murray, Stan,…  )

(Khammash, Papachristodoulou, Stan, …)

these issues can be viewed as  lack 
of robustness to perturbations

can we “insulate” desired I/O behaviors
from these perturbations?

à this is a Control System Design problem

Aoki et al. Nature 2019
Olsman et al. Cell Systems 2019
Chevalier et al. Cell Systems 2019
Agrawal et al. Nat Comm 2019
Kelly et al. NAR 2018
Agrawal et al. ACS Syn Bio 2018
Darlington et al. Nat Comm 2018
Huang et al. Nat Comm 2018
Ceroni et al. Nat Methods 2018
…
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(Atkinson et al, Cell 2003)

Inter-module loading changes upstream system’s dynamics

loads change the behavior of the upstream system à we fail to transmit the  signal to the downstream system
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upstream system downstream
system

R A

u y

sr
retroactivity to the outputretroactivity to the input

the I/O model of the isolated system is obtained when s=0

systems & signals representation of loads: retroactivity

Del Vecchio et al, MSB 2008

ẋ = f(x, u, s)

y = Y (x, u, s)

r = R(x, u, s)
<latexit sha1_base64="eUnHKMLcZHmwpyudgQMSTrFjSDk="></latexit>

R AR A



Retroactivity is a reaction flux affecting upstream system’s output

how does its input/output response 
change upon interconnection?

Z
X

a transcriptional component is
an input/output module
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isolated connected

downstream
system

upstream system
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experiments in transcriptional components in yeast

isolated
connected

retroactivity reduces bandwidth
of upstream system

X(
t) 

(G
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)  
   

   

Jayanthi et al. ACS Syn Bio 2013; Mishra et al, Nat. Biotech, 2014
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insulation device

1. r≈0
2. s is attenuated

Insulation devices to mitigate retroactivity

Principle 1
high-gain feedback

requires an explicit negative 
feedback

Principle 2
time scale separation

no explicit feedback required
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consider retroactivity as a state-dependent disturbance

u y

sr

upstream 
system

downstream
system



large input amplification
and a large negative feedback
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From high-gain feedback to time-scale separation

Z Z*

W W*

X X* X**

input

output

YPD1/SKN7 pathway
Z = Sln1

W = Ypd1
X = Skn7

u

y

most naturally-occurring 
systems are not that 
“simple” and involve 
multiple modifications

what is common between 
these two systems?
- speed

s
u y

G
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G ! 1
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candidate insulation device

dX⇤

dt
= k1Xtot

✓
1� X⇤

Xtot

◆
Z(t)� k2PX⇤ � konX

⇤p+ ko↵C
<latexit sha1_base64="P72FD2GSdhrq/T/S2TUX+aF5Q4c="></latexit>

phosphorylation cycle

what biomolecular systems
can realize it?

need a different scheme for 
retroactivity  attenuation:
- no explicit feedback 



connected system

Jayanthi and Del Vecchio, IEEE TAC, 2011; Del Vecchio and Slotine, IEEE TAC, 2013 

Retroactivity attenuation via time-scale separation
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downstream 
system

isolated system

insulation device insulation deviceupstream
system

upstream
system

large

u̇ = f0(u, t) + r(u, y)
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ẏ = G1f1(u, y)
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upstream system

insulation device

G1 � 1
<latexit sha1_base64="qT/4ydJKnnm1TWsfVkOtrwA7HA0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolW9FjwoMcK9gPaUDbbabp0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHssHM07Qj2go+YAzaqzUvu153TAkXq9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSMaYsdSSSPUfja7d0JOrdIng1jZkobM1N8TGY20HkeB7YyoGepFbyr+53VSM7j2My6T1KBk80WDVBATk+nzpM8VMiPGllCmuL2VsCFVlBkbUdGG4C2+vEya5xXvonJ5Xy3XqnkcBTiGEzgDD66gBndQhwYwEPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHvgSPFQ==</latexit>

very large rates 

˙̄u = f0(ū, t) + r(ū, ȳ)
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˙̄y = G1f1(ū, ȳ) +G2Ms(ȳ, v)
<latexit sha1_base64="R6W2TgQd5zPSALzj0gasJb5m9n8="></latexit>

v̇ = �G2Ns(ȳ, v)
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upstream system

insulation device

downstream system
G2 � G1
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Fact: There are a matrix T and a non-singular matrix P such that P ·M � T ·N = 0
<latexit sha1_base64="zqapaPsE1TcVxCw8vMoGGDzKcHE=">AAAB/HicbZDLSgMxFIYz9VbrbbRLN8EiuLHMaEU3QsGNG6VCb9AOJZPJtKGZZEgywjDUV3HjQhG3Pog738a0nYW2/hD4+M85nJPfjxlV2nG+rcLK6tr6RnGztLW9s7tn7x+0lUgkJi0smJBdHynCKCctTTUj3VgSFPmMdPzxzbTeeSRSUcGbOo2JF6EhpyHFSBtrYJcbfRwIDe9Om3O4v3YGdsWpOjPBZXBzqIBcjYH91Q8ETiLCNWZIqZ7rxNrLkNQUMzIp9RNFYoTHaEh6BjmKiPKy2fETeGycAIZCmsc1nLm/JzIUKZVGvumMkB6pxdrU/K/WS3R45WWUx4kmHM8XhQmDWsBpEjCgkmDNUgMIS2puhXiEJMLa5FUyIbiLX16G9lnVPa9ePNQq9VoeRxEcgiNwAlxwCergFjRAC2CQgmfwCt6sJ+vFerc+5q0FK58pgz+yPn8Ayv6Thw==</latexit>

(closed system)

x = Py + Tv
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✏2v̇ = �s(ȳ, v), ✏2 = 1/G2
<latexit sha1_base64="sMzDQCmCjmg1gPq1LNQ5dvM3h5Q="></latexit>

Proof: use singular perturbation and nested application of Tikhonov’s theorem

✏1 ˙̄x = Pf1(ū, ȳ), ✏1 = 1/G1
<latexit sha1_base64="rTp4j7ahIkBGklbiY+NClMcntuM="></latexit>

change of cords: ✏1 = 0 ) ȳ = h(ū)
<latexit sha1_base64="21nURJll9Q8RPqw9dqzbYec4i70=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxC3ZREK7opFNy4rGIv0IQymU6aoZNJmJkoIfQV3Pgqblwo4tadO9/GaZqFtv4w8PGfczhzfi9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3w1rXfviZA04ncqjYkbohGnPsVIaWtgVh0SS8o02g3LuaWjQCEhogfoeEjAtBFUc0hOBmbFqlm54CLYBVRAodbA/HKGEU5CwhVmSMq+bcXKzZBQFDMyKTuJJDHCYzQifY0chUS6WX7RBB5rZwj9SOjHFczd3xMZCqVMQ093hkgFcr42Nf+r9RPlX7oZ5XGiCMezRX7CoIrgNB44pIJgxVINCAuq/wpxgATCSodY1iHY8ycvQue0Zp/Vzm/qlWa9iKMEDsERqAIbXIAmuAYt0AYYPIJn8ArejCfjxXg3PmatS0YxcwD+yPj8AQZinHI=</latexit>

Theorem: @f1(u, y)

@y

����
y=h(u)

<latexit sha1_base64="Go1gIhOxaD2BrJ2tvEpfHQY6J0s=">AAACI3icbVDJSgNBEO1xjXGLevTSGIQEJMxoRBGEgBePEcwCmTD0dHqSJj0L3TXCMM6/ePFXvHhQghcP/oudBdTEBwWP96qoqudGgiswzU9jaXlldW09t5Hf3Nre2S3s7TdVGEvKGjQUoWy7RDHBA9YADoK1I8mI7wrWcoc3Y7/1wKTiYXAPScS6PukH3OOUgJacwpUtmAcV25OEpnZEJHAisOdYpfgkKWc/UpLZkvcH8OikyfWgFJczp1A0K+YEeJFYM1JEM9SdwsjuhTT2WQBUEKU6lhlBNx0voIJleTtWLCJ0SPqso2lAfKa66eTHDB9rpYe9UOoKAE/U3xMp8ZVKfFd3+gQGat4bi/95nRi8y27KgygGFtDpIi8WGEI8Dgz3uGQURKIJoZLrWzEdEB0X6FjzOgRr/uVF0jytWGeV87tqsVadxZFDh+gIlZCFLlAN3aI6aiCKntALekPvxrPxaoyMj2nrkjGbOUB/YHx9A7ESpOI=</latexit>

If is Hurwitz with                                                   ,  then:

ky(t)� ȳ(t)k = O(1/G1), 8t 2 [tb, tf ]
<latexit sha1_base64="JUAwvLouq1eaO20mP3wfWdUJPN8="></latexit>

independent of  

y = h(u) ) f1(u, y) = 0
<latexit sha1_base64="LaLmfLvgXI0GD8LWNpd/wBNFhiQ=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VoQUqiFYVSKLhxWcU+oAlhMp20QycPZiZKCF278VfcuFDErV/gzr9x2mahrQcuHM65l3vvcSNGhTSMby23tLyyupZfL2xsbm3v6Lt7bRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxR1cTv3NPuKBhcCeTiNg+GgTUoxhJJTn6YVIfluKyVbNu6WAoEefhg1WDnmOW4pOkXDegoxeNijEFXCRmRoogQ9PRv6x+iGOfBBIzJETPNCJpp4hLihkZF6xYkAjhERqQnqIB8omw0+krY3islD70Qq4qkHCq/p5IkS9E4ruq00dyKOa9ifif14uld2mnNIhiSQI8W+TFDMoQTnKBfcoJlixRBGFO1a0QDxFHWKr0CioEc/7lRdI+rZhnlfObarFRzeLIgwNwBErABBegAa5BE7QABo/gGbyCN+1Je9HetY9Za07LZvbBH2ifPyGdmJM=</latexit>

G2Ms
<latexit sha1_base64="kaNCGGhdcFiuxa0PGc+lvn0L3rg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKezGiB4DHvQiRDAPSJYwO5lNhszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5mfuuJayNi9YjjhPsRHSgRCkbRSq3bXoXcE9MrltyyOwdZJV5GSpCh3it+dfsxSyOukElqTMdzE/QnVKNgkk8L3dTwhLIRHfCOpYpG3PiT+blTcmaVPgljbUshmau/JyY0MmYcBbYzojg0y95M/M/rpBhe+xOhkhS5YotFYSoJxmT2O+kLzRnKsSWUaWFvJWxINWVoEyrYELzll1dJs1L2LsqXD9VSrZrFkYcTOIVz8OAKanAHdWgAgxE8wyu8OYnz4rw7H4vWnJPNHMMfOJ8/3NGOkQ==</latexit>



14

Application to signal transduction networks

Z Z*

W W*

X X* X**

input

downstream 
system C

output

YPD1/SKN7 pathway
Z = Sln1

W = Ypd1
X = Skn7

k5

k6

k7

k8

insulation device
downstream 

system

Z: gene expression time scale
W/X:  time scale of signal transduction

ko↵ 2 [0.1, 104]min�1
<latexit sha1_base64="nUpKIKxMMsIXOpkUJHxRCfrrihI=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgubEm0osuCG5cV7APatEymk3boZBJmbsQS8hVu/BU3LhRxK+78G6ePhbYeuHA4517uvcePBdfgON/W0vLK6tp6biO/ubW9s2vv7dd1lCjKajQSkWr6RDPBJasBB8GasWIk9AVr+MPrsd+4Z0rzSN7BKGZeSPqSB5wSMFLXLg67aRvYA6RREGRZm8uWU3JPXaeTljMPT62Qy6yTFt2saxeckjMBXiTujBTQDNWu/dXuRTQJmQQqiNYt14nBS4kCTgXL8u1Es5jQIemzlqGShEx76eStDB8bpYeDSJmSgCfq74mUhFqPQt90hgQGet4bi/95rQSCKy/lMk6ASTpdFCQCQ4THGeEeV4yCGBlCqOLmVkwHRBEKJsm8CcGdf3mR1M9K7nnp4rZcqJRnceTQITpCJ8hFl6iCblAV1RBFj+gZvaI368l6sd6tj2nrkjWbOUB/YH3+AAvfnz4=</latexit>

C:  time scale of reversible binding to DNA

u̇ = f0(u, t) + r(u, y)
<latexit sha1_base64="wxpovZWGAmWQisWgGcKABqJ/CUg=">AAACCHicbZDLSgMxFIYz9VbrrerShcEitChlRiu6EQpuXFawF2iHIZNm2tDMheSMMAyzdOOruHGhiFsfwZ1vY3pZaOsPgY//nJPk/G4kuALT/DZyS8srq2v59cLG5tb2TnF3r6XCWFLWpKEIZccligkesCZwEKwTSUZ8V7C2O7oZ19sPTCoeBveQRMz2ySDgHqcEtOUUD3v9ENI4u8aeY5Y1nELlBMsJpUlWcYols2pOhBfBmkEJzdRwil/6Rhr7LAAqiFJdy4zATokETgXLCr1YsYjQERmwrsaA+EzZ6WSRDB9rp4+9UOoTAJ64vydS4iuV+K7u9AkM1XxtbP5X68bgXdkpD6IYWECnD3mxwBDicSq4zyWjIBINhEqu/4rpkEhCQWdX0CFY8ysvQuusap1XL+5qpXptFkceHaAjVEYWukR1dIsaqIkoekTP6BW9GU/Gi/FufExbc8ZsZh/9kfH5AxTVmLI=</latexit>

ẏ = G1f1(u, y) +G2Ms(y, v)
<latexit sha1_base64="W+J8Pu3A8qKrPpaoJJa+HcGfrLc=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgtlpLUFt0IBRe6ESrYB7QhTKaTdujkwcykEEK+xI2/4saFIoIr/RunaRfaemDgcM69nDvHCRkV0jC+tZXVtfWNzdxWfntnd29fPzhsiyDimLRwwALedZAgjPqkJalkpBtygjyHkY4zvp76nQnhggb+g4xDYnlo6FOXYiSVZOv1/iCQSZxewRvbhK5tFpMoLSuhdKaUKryD/Swk4WSQQlFUTnlSsvWCUTEywGVizkkBzNG09U+VgyOP+BIzJETPNEJpJYhLihlJ8/1IkBDhMRqSnqI+8oiwkiw5hadKGUA34Or5Embq740EeULEnqMmPSRHYtGbiv95vUi6l1ZC/TCSxMezIDdiUAZw2hUcUE6wZLEiCHOqboV4hDjCUjWaVyWYi19eJu1qxTyv1O9rhUZtXkcOHIMTUAQmuAANcAuaoAUweATP4BW8aU/ai/aufcxGV7T5zhH4A+3rB2XToMQ=</latexit>

v̇ = �G2Ns(y, v)
<latexit sha1_base64="rtUNSof/8RALayQc5LIX4AXfj/k=">AAACDnicbVBJS8NAGJ3UrdYt6tHLYClU0JLUil6Eggc9SQW7QBvCZDJph04WZiaFEPILvPhXvHhQxKtnb/4bp2kPWn0w8Hjv2+Y5EaNCGsaXVlhaXlldK66XNja3tnf03b2OCGOOSRuHLOQ9BwnCaEDakkpGehEnyHcY6Trjq6nfnRAuaBjcyyQilo+GAfUoRlJJtl4ZuKFMJ9klPIHXdh3ewkE+NOXEzaCopkl2PDmy9bJRM3LAv8SckzKYo2Xrn2oujn0SSMyQEH3TiKSVIi4pZiQrDWJBIoTHaEj6igbIJ8JK880ZrCjFhV7I1QskzNWfHSnyhUh8R1X6SI7EojcV//P6sfQurJQGUSxJgGeLvJhBGcJpNtClnGDJEkUQ5lTdCvEIcYSlSrCkQjAXv/yXdOo187R2dtcoNxvzOIrgAByCKjDBOWiCG9ACbYDBA3gCL+BVe9SetTftfVZa0OY9++AXtI9vHuea3A==</latexit>
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upstream system downstream
system

isolated
connected
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directly connecting the downstream system to the upstream system

Mishra et al., Nat. Biotech 2014

downstream
system

upstream system

recall

The Load Driver: Insulation by time scale separation

isolated
connected

isolated
connected
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isolated
connected
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directly connecting the downstream system to the upstream system

Mishra et al., Nat. Biotech 2014

The Load Driver: Insulation by time scale separation

isolated
connected

isolated
connected

Load driver

upstream system downstream
system
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X*
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experimental results with load driver
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Experiments with fast time scales

(endogenous amounts of YPD1 and SKN7)

Experiments with slow time scales

(reduced amounts of YPD1 and SKN7 obtained
through weaker constitutive promoters)

insulation property is lost

Mishra et al., Nat. Biotech 2014

The Load Driver: Insulation by time scale separation

Slow/fast/slow pattern allow  to reliably transmit signals to large loads: the
synergy between slow transcription and fast signal transduction is likely to be used
by natural systems to insulate signals from downstream loads



A journey towards modular composition

Engineering biology: Why and how

Modular composition: A grand challenge

Inter-module loads and the load driver
Disturbance attenuation via time scale separation

Resource loading and the resource decoupler
Disturbance rejection despite leaky integral actions

Decentralized implementation

Outlook
18

Cellular resourcescellular resources

upstream 
system

downstream
system
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uXu

genetic module

ribosome

RNAP
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resources

Modules become coupled by loading cellular resources

Actual behavior!
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(ribosomes)

fast dynamics 
à QSS

slower dynamics



Qian  et al. ACS Syn Bio, 2017

Xi

intended regulatory function

Coupling can be mathematically captured by “hidden” graphs

Ẋi = Fi(ui)� �Xi
<latexit sha1_base64="LGe/vj8PkW35UASUPIOdgEAY1b8=">AAACKHicbVDLSgMxFM34tr6qLt0Ei1AXlhmr6EYQBXGpYLXQDkMmvW1Dk5khuSOUwa0fI271O9yJW//APzBtZ2FbDwQO59yb5JwwkcKg6345M7Nz8wuLS8uFldW19Y3i5ta9iVPNocZjGet6yAxIEUENBUqoJxqYCiU8hL3Lgf/wCNqIOLrDfgK+Yp1ItAVnaKWgSAvNVoy0Hgh6RulVIMppIPYPmi2QyAZyUCy5FXcIOk28nJRIjpug+GNv5KmCCLlkxjQ8N0E/YxoFl/BUaKYGEsZ7rAON/GdnVT9TXd4FNW5bGjEFxs+GQZ/onlVatB1reyKkQ/XvRsaUMX0V2knFsGsmvYH4n9dIsX3qZyJKUoSIjx5qp5JiTAet0ZbQwFH2LWFcCxuF8i7TjKNNULAdeZONTJP7w4pXrRzfHpXOL/K2lsgO2SVl4pETck6uyQ2pEU6eySt5I+/Oi/PhfDpfo9EZJ9/ZJmNwvn8BJ8KkvA==</latexit>

re-scaling of intended 
regulatory links

“hidden” interaction
graph

effective
interaction 

graph

@Hi(u)

@u
=

@Fi/@u

(1 +
P

j JjFj)2
�

Fi
P

j Jj@Fj/@u

(1 +
P

j JjFj)2
<latexit sha1_base64="nlB5KTWHGIGySqr2Xa1hPopR7Ho="></latexit>

20

activators become “effective 
repressors” for non-target nodes

repressors become “effective
activators” for non-target nodes

rules to draw hidden interactions

Xk

Jk
<latexit sha1_base64="/nI9kSTpuw/SaitPbkCOGRONuYM=">AAACF3icbVDLSsNAFJ3UV62PRl26GSyCq5JYRTdC0Y24qmBtoQ1hMr1th84kYWYilNAPEbf6He7ErUs/wz9wmmZhWw8MHM659869J4g5U9pxvq3Cyura+kZxs7S1vbNbtvf2H1WUSApNGvFItgOigLMQmpppDu1YAhEBh1Ywupn6rSeQikXhgx7H4AkyCFmfUaKN5NvlbjYjldCb4Dt/5NsVp+pkwMvEzUkF5Wj49k+3F9FEQKgpJ0p1XCfWXkqkZpTDpNRNFMSEjsgAOvkiVzUvFUM6BDFvGxoSAcpLs50m+NgoPdyPpHmhxpn6tyMlQqmxCEylIHqoFr2p+J/XSXT/0ktZGCcaQjr7qJ9wrCM8DQn3mASq+dgQQiUzp2A6JJJQbS4omYzcxUSWyeNp1a1Vz+/PKvXrPK0iOkRH6AS56ALV0S1qoCaiKEEv6BW9Wc/Wu/Vhfc5KC1bec4DmYH39ApL6n/s=</latexit>

Xk

Jk
<latexit sha1_base64="/nI9kSTpuw/SaitPbkCOGRONuYM=">AAACF3icbVDLSsNAFJ3UV62PRl26GSyCq5JYRTdC0Y24qmBtoQ1hMr1th84kYWYilNAPEbf6He7ErUs/wz9wmmZhWw8MHM659869J4g5U9pxvq3Cyura+kZxs7S1vbNbtvf2H1WUSApNGvFItgOigLMQmpppDu1YAhEBh1Ywupn6rSeQikXhgx7H4AkyCFmfUaKN5NvlbjYjldCb4Dt/5NsVp+pkwMvEzUkF5Wj49k+3F9FEQKgpJ0p1XCfWXkqkZpTDpNRNFMSEjsgAOvkiVzUvFUM6BDFvGxoSAcpLs50m+NgoPdyPpHmhxpn6tyMlQqmxCEylIHqoFr2p+J/XSXT/0ktZGCcaQjr7qJ9wrCM8DQn3mASq+dgQQiUzp2A6JJJQbS4omYzcxUSWyeNp1a1Vz+/PKvXrPK0iOkRH6AS56ALV0S1qoCaiKEEv6BW9Wc/Wu/Vhfc5KC1bec4DmYH39ApL6n/s=</latexit>

=

the effect on target nodes 
is weaker

Xk

Xk

Jk
<latexit sha1_base64="/nI9kSTpuw/SaitPbkCOGRONuYM=">AAACF3icbVDLSsNAFJ3UV62PRl26GSyCq5JYRTdC0Y24qmBtoQ1hMr1th84kYWYilNAPEbf6He7ErUs/wz9wmmZhWw8MHM659869J4g5U9pxvq3Cyura+kZxs7S1vbNbtvf2H1WUSApNGvFItgOigLMQmpppDu1YAhEBh1Ywupn6rSeQikXhgx7H4AkyCFmfUaKN5NvlbjYjldCb4Dt/5NsVp+pkwMvEzUkF5Wj49k+3F9FEQKgpJ0p1XCfWXkqkZpTDpNRNFMSEjsgAOvkiVzUvFUM6BDFvGxoSAcpLs50m+NgoPdyPpHmhxpn6tyMlQqmxCEylIHqoFr2p+J/XSXT/0ktZGCcaQjr7qJ9wrCM8DQn3mASq+dgQQiUzp2A6JJJQbS4omYzcxUSWyeNp1a1Vz+/PKvXrPK0iOkRH6AS56ALV0S1qoCaiKEEv6BW9Wc/Wu/Vhfc5KC1bec4DmYH39ApL6n/s=</latexit>

= Xk

Xk

Jk
<latexit sha1_base64="/nI9kSTpuw/SaitPbkCOGRONuYM=">AAACF3icbVDLSsNAFJ3UV62PRl26GSyCq5JYRTdC0Y24qmBtoQ1hMr1th84kYWYilNAPEbf6He7ErUs/wz9wmmZhWw8MHM659869J4g5U9pxvq3Cyura+kZxs7S1vbNbtvf2H1WUSApNGvFItgOigLMQmpppDu1YAhEBh1Ywupn6rSeQikXhgx7H4AkyCFmfUaKN5NvlbjYjldCb4Dt/5NsVp+pkwMvEzUkF5Wj49k+3F9FEQKgpJ0p1XCfWXkqkZpTDpNRNFMSEjsgAOvkiVzUvFUM6BDFvGxoSAcpLs50m+NgoPdyPpHmhxpn6tyMlQqmxCEylIHqoFr2p+J/XSXT/0ktZGCcaQjr7qJ9wrCM8DQn3mASq+dgQQiUzp2A6JJJQbS4omYzcxUSWyeNp1a1Vz+/PKvXrPK0iOkRH6AS56ALV0S1qoCaiKEEv6BW9Wc/Wu/Vhfc5KC1bec4DmYH39ApL6n/s=</latexit>

effective regulatory functionHi(u)
<latexit sha1_base64="3Jg0S0jAZ9z5vw+XEgyKDCoaovQ=">AAACDHicbVDLSsNAFL2pr1pfVZdugkWom5JYRTdC0U2XFewD2lAm00kzdmYSZiZCCf0Fcavf4U7c+g9+hn/gtM3CVg9cOJxzL5dz/JhRpR3ny8qtrK6tb+Q3C1vbO7t7xf2DlooSiUkTRyySHR8pwqggTU01I51YEsR9Rtr+6Hbqtx+JVDQS93ocE4+joaABxUgbqVXv03Jy2i+WnIozg/2XuBkpQYZGv/jdG0Q44URozJBSXdeJtZciqSlmZFLoJYrECI/QkHSz79dVL+UhDglftA0ViBPlpbMwE/vEKAM7iKQZoe2Z+vsiRVypMffNJkc6VMveVPzP6yY6uPJSKuJEE4Hnj4KE2Tqyp83YAyoJ1mxsCMKSmig2DpFEWJsEBdORu9zIX9I6q7jVysXdeal2k7WVhyM4hjK4cAk1qEMDmoDhAZ7hBV6tJ+vNerc+5qs5K7s5hAVYnz8DwZtk</latexit>

hidden interactions

=
resource demand

coefficient
(easily tunable)

use  time scale separation and conservation of resources

ui
ui

Ẋi =
Fi(ui)

1 +
P

k JkFk(uk)
� �Xi

<latexit sha1_base64="H43WM2Ca1R6V8tsiVi9XspxnM3k="></latexit>

Xi
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with hidden interactions
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The effective interaction graph of an activation cascade is an iFFL
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Expected behavior

X2u X1

DNA copy #

Qian  et al. ACS Syn Bio, 2017

X2u X1

J1 /
<latexit sha1_base64="P0ejv1SnkIS4AbyelZ3POktm2wc=">AAACEXicbVDLSgMxFM3UV62vqks3wSK4KjNW0Y1QdCOuKtgHTIeSSTOd0GQSkoxQhn6FuNXvcCdu/QI/wz8wbWdhWw8EDufcy805oWRUG9f9dgorq2vrG8XN0tb2zu5eef+gpUWqMGliwYTqhEgTRhPSNNQw0pGKIB4y0g6HtxO//USUpiJ5NCNJAo4GCY0oRsZK/n3Pg12phDSiV664VXcKuEy8nFRAjkav/NPtC5xykhjMkNa+50oTZEgZihkZl7qpJhLhIRoQP//CdS3IeIxjwudtSxPEiQ6yaaIxPLFKH0ZC2ZcYOFX/bmSIaz3ioZ3kyMR60ZuI/3l+aqKrIKOJTA1J8OxQlDJoBJzUA/tUEWzYyBKEFbVRII6RQtjYBCXbkbfYyDJpnVW9WvXi4bxSv8nbKoIjcAxOgQcuQR3cgQZoAgwEeAGv4M15dt6dD+dzNlpw8p1DMAfn6xdKvp26</latexit>

J1
<latexit sha1_base64="fAvLZbJoA/uCyN2GO+57s95gAKM=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVRKr6EYouhFXFawttKFMJjft0JkkzEwKJfRHxK1+hztx687P8A+ctlnY1gMDh3PuvXPv8RPOlHacb6uwsrq2vlHcLG1t7+zu2fsHTypOJYUGjXksWz5RwFkEDc00h1YigQifQ9Mf3E785hCkYnH0qEcJeIL0IhYySrSRurbdmc7IJATj+66LcdcuOxVnCrxM3JyUUY561/7pBDFNBUSacqJU23US7WVEakY5jEudVEFC6ID0oJ1vcl31MtGnfRDztqEREaC8bLrUGJ8YJcBhLM2LNJ6qfzsyIpQaCd9UCqL7atGbiP957VSHV17GoiTVENHZR2HKsY7xJCUcMAlU85EhhEpmTsG0TySh2lxQMhm5i4ksk6ezilutXDycl2s3eVpFdISO0Sly0SWqoTtURw1E0RC9oFf0Zj1b79aH9TkrLVh5zyGag/X1C5PMn+s=</latexit>

(u)

(X1)

(X2)

experimental data

can use J to tune
strength of hidden 

interactions



system without hidden interactions

Network disturbance attenuation
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system with hidden interactions

wi di

rest of net

wi =
X

j 6=i

dj
<latexit sha1_base64="WzUWhqO9zBkTKTo0b5nfvNSXB2E=">AAACKXicbVDLTsMwEHR4lvIqcORiqJA4VQkPwQWpggtHkCggNVHkONvWxXaC7YCqqGc+BnGF7+AGXPkC/gC35EApI1kazeyudydKOdPGdd+dicmp6ZnZ0lx5fmFxabmysnqpk0xRaNCEJ+o6Iho4k9AwzHC4ThUQEXG4im5OBv7VHSjNEnlheikEgrQlazFKjJXCyoY/nJEriPv4PmRHvs5EmHd9CbeY9eOwG1aqbs0dAo8TryBVVOAsrHz5cUIzAdJQTrRuem5qgpwowyiHftnPNKSE3pA2NIvVjnaDXHRoB8SobakkAnSQD7fs4y2rxLiVKPukwUP1d0dOhNY9EdlKQUxH//UG4n9eMzOtwyBnMs0MSPrzUSvj2CR4EBuOmQJqeM8SQhWzp2DaIYpQYy8o24y8v4mMk8udmrdb2z/fq9aPi7RKaB1tom3koQNUR6foDDUQRQ/oCT2jF+fReXXenI+f0gmn6FlDI3A+vwGfjqff</latexit>

resource demand 
at node i

di / Ji

wi =
X

j 6=i

dj
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Problem: Design  a local feedback controller
such that yi depends only on vi and it is
independent of wi
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X
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rest of net

Network disturbance attenuation



Problem 1: Design a biomolecular 
controller such that the input/output 
response vi  to yi is independent of wi

isolated system

biomolecular
controller

wi

yi
genetic 

module i

vi

di

connected system

di

biomolecular
controller

yi
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module i
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Problem 2: Determine conditions such that 
the biomolecular controller can still 
attenuate the effect of wi on yi
(i.e., ensure network stability)

rest of net
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Network disturbance attenuation
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Disturbance rejection despite leaky integrators

Challenge: molecular decay is unavoidable in vivo due to cell growth à integrator leakiness

ż = k(v � y)� �z

y = g(x)ẋ = f(x, z, w),

Qian and Del Vecchio. J. Royal Society Interface, 2018

Approach: For v and w constants, use integral control, e.g.

y = g(x)

ż = k(v � y)

ẋ = f(x, v, z, w),

under stability conditions, y is independent of w at steady state

y = g(x)cannot send growth to zero
à increase speed of 

all controller’s reactions 

ẋ = f(x, z, w),

ż =
1

✏
(v � y)� �z

biomolecular
controller

genetic 
module 

v

y

w x

z

z

quasi-integral control
(QIC)

structure

all fast controller reactions 
compute the difference and 
integrate 

biomolecular implementation: 
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Theorem: If this closed loop system with                
is LES for small 

� = 0
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y(✏) ! v as ✏ ! 0 independent of  Then: 

ẋ = f(x, z, w)

ż1 =
1

✏
h(v, z, y)� �z1

ż2 =
k

✏
(v � y)� �z2

y = g(x)
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✏ > 0
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Quasi-integral control implementation via sRNA silencing

26

regulated
gene sRNA 
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✏
� ✓

✏
ms� �s

high RNA transcription rates

fast RNA
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(for “free”)

(we can tune)

Qian and Del Vecchio. J. Royal Society Interface, 2018
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no leakiness

Briat et al. (2016)
sequestration-based 

feedback

z = m� s

closed loop system when             
is LES

then

independent of disturbance

✏ż = (v � y)� ✏�z

y(✏) ! v as ✏ ! 0

� = 0
<latexit sha1_base64="ReEE4Spm8VtgQNe2J67PQh1D1rw=">AAAB8XicbVBNS8NAEJ34WeNX1aOXxSJ4KkkV9CIUvXisYD+wDWWz3bRLdzdhdyOU0H/hxYMiXv033vw3btoctPXBwOO9GWbmhQln2njet7Oyura+sVnacrd3dvf2yweHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8W3ut5+o0iyWD2aS0EDgoWQRI9hY6dHtDbEQ+Npz++WKV/VmQMvEL0gFCjT65a/eICapoNIQjrXu+l5iggwrwwinU7eXappgMsZD2rVUYkF1kM0unqJTqwxQFCtb0qCZ+nsiw0LriQhtp8BmpBe9XPzP66YmugoyJpPUUEnmi6KUIxOj/H00YIoSwyeWYKKYvRWREVaYGBtSHoK/+PIyadWq/nm1dn9Rqd8UcZTgGE7gDHy4hDrcQQOaQEDCM7zCm6OdF+fd+Zi3rjjFzBH8gfP5A+exj8I=</latexit>

(QIC)



Tracking performance of quasi-integral control: a SSP problem
Problem: With time-varying inputs,  can we still attenuate effect of disturbance as timescale separation between
controller and plant increases (             )  ?

Qian and Del Vecchio, IEEE Control Systems Letters, CDC, 2018

Boundary layer dynamics
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m0 = v(t)� ✓ms

s0 = y � ✓ms
<latexit sha1_base64="D0t/2Q6Mmu0qE4tm3RxDu6IliKo=">AAACEHicbZC7SgNBFIZn4y2ut6ilzWDQxMKwqxFthICNZQRzgWwIs5NJMmRmd5k5G1hCHsHGV7GxUMTW0s63cXIpYuIPAz/fOYcz5/cjwTU4zo+VWlldW99Ib9pb2zu7e5n9g6oOY0VZhYYiVHWfaCZ4wCrAQbB6pBiRvmA1v383rtcGTGkeBo+QRKwpSTfgHU4JGNTK5GTu9HaQh7NzD3oMCJZYe56tDcXJHGtlsk7BmQgvG3dmsmimcivz7bVDGksWABVE64brRNAcEgWcCjayvViziNA+6bKGsQGRTDeHk4NG+MSQNu6EyrwA8ITOTwyJ1DqRvumUBHp6sTaG/9UaMXRumkMeRDGwgE4XdWKBIcTjdHCbK0ZBJMYQqrj5K6Y9oggFk6FtQnAXT1421YuCe1m4eihmS8VZHGl0hI5RHrnoGpXQPSqjCqLoCb2gN/RuPVuv1of1OW1NWbOZQ/RH1tcvReOaMg==</latexit>

independent of w
Jacobian is singular everywhere
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Not obvious - tempting observation:

✏ = 0 ) y(t) = v(t)
<latexit sha1_base64="73rjzg3gPoM7C9JmX4PFwF6X81I=">AAACGXicbVDLSgMxFM34rPVVdekmWATdlBmt6EYouHGpYm2hU0omvW2DmWRI7ihl6G+48VfcuFDEpa78G9PHQqsHEg7n3Htzc6JECou+/+XNzM7NLyzmlvLLK6tr64WNzRurU8OhyrXUph4xC1IoqKJACfXEAIsjCbXo9mzo1+7AWKHVNfYTaMasq0RHcIZOahX8LBwNySKZwoCGkFghtTql/iC8Et0eMmP0Pe3v4f4pvXN3q1D0S/4I9C8JJqRIJrhoFT7CtuZpDAq5ZNY2Aj/BZsYMCi5hkA9TCwnjt6wLDUcVi8E2s9FSA7rrlDbtaOOOQjpSf3ZkLLa2H0euMmbYs9PeUPzPa6TYOWlmQiUpguLjhzqppKjpMCbaFgY4yr4jjBvhdqW8xwzj6MLMuxCC6S//JTcHpeCwdHRZLlbKkzhyZJvskD0SkGNSIefkglQJJw/kibyQV+/Re/bevPdx6Yw36dkiv+B9fgPTFKAV</latexit>

✏ ! 0
<latexit sha1_base64="iz5vdIgRx65naAyjcBr0gKEAu4k=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKoEiGCuxMBaJPqQmqhz3prXq2JHtgKqof8DCr7AwgBArKxt/g/sYoOVIVzo651773hOlnGnjed/O0vLK6tp6YaO4ubW9s+vu7Te0zBSFOpVcqlZENHAmoG6Y4dBKFZAk4tCMBtdjv3kPSjMp7swwhTAhPcFiRomxUsc9yYPJI3nEMxjhAFLNuBQ4UKzXN0Qp+YC9Ee64Ja/sTYAXiT8jJTRDreN+BV1JswSEoZxo3fa91IQ5UYZRDqNikGlICR2QHrQtFSQBHeaTVUb42CpdHEtlSxg8UX9P5CTRephEtjMhpq/nvbH4n9fOTHwV5kykmQFBpx/FGcdG4nE4uMsUUMOHlhCqmN0V0z5RhBobYdGG4M+fvEgaZ2X/vHxxWylVK7M4CugQHaFT5KNLVEU3qIbqiKJH9Ixe0Zvz5Lw4787HtHXJmc0coD9wPn8AeXec3g==</latexit>

If zero e-value of J has  algebraic multiciplity (am) = geometric multiciplity (gm) à system
can be taken to standard SP form by 𝛜-independent coordinate change with less than p fast 
variables (Gu, Nefedov and O’Malley (1989); Sobolev (2005))
- not applicable here since gm=1  and  am=2 (am<gm)
- Marino & Kokotovic (1988): there is no 𝛜-independent diffeomorphism to standard SP form

Asymptotic expansion (with fractional exponents)  can address some  SSP problems 
assuming a limiting solution exists as              (O’Malley & Jameson (1975); O’Malley (1979)) 

- not applicable – no limiting solution exists as 
✏ ! 0

<latexit sha1_base64="ioA0eFznqIm2S1NQhcA9IeZWAEI=">AAAB/3icbVA9SwNBEJ3zM8avU8HGZjEIVuFOI1oGbCwjmA9IjrC32UuW7O0eu3tKOFP4V2wsFLH1b9j5b9wkV2jig4HHezPMzAsTzrTxvG9naXlldW29sFHc3Nre2XX39htaporQOpFcqlaINeVM0LphhtNWoiiOQ06b4fB64jfvqdJMijszSmgQ475gESPYWKnrHnZoohmXAnUU6w8MVko+IK/rlryyNwVaJH5OSpCj1nW/Oj1J0pgKQzjWuu17iQkyrAwjnI6LnVTTBJMh7tO2pQLHVAfZ9P4xOrFKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxNdBRkTSWqoILNFUcqRkWgSBuoxRYnhI0swUczeisgAK0yMjaxoQ/DnX14kjbOyf16+uK2UqpU8jgIcwTGcgg+XUIUbqEEdCDzCM7zCm/PkvDjvzsesdcnJZw7gD5zPH84bles=</latexit>

✏ ! 0
<latexit sha1_base64="ioA0eFznqIm2S1NQhcA9IeZWAEI=">AAAB/3icbVA9SwNBEJ3zM8avU8HGZjEIVuFOI1oGbCwjmA9IjrC32UuW7O0eu3tKOFP4V2wsFLH1b9j5b9wkV2jig4HHezPMzAsTzrTxvG9naXlldW29sFHc3Nre2XX39htaporQOpFcqlaINeVM0LphhtNWoiiOQ06b4fB64jfvqdJMijszSmgQ475gESPYWKnrHnZoohmXAnUU6w8MVko+IK/rlryyNwVaJH5OSpCj1nW/Oj1J0pgKQzjWuu17iQkyrAwjnI6LnVTTBJMh7tO2pQLHVAfZ9P4xOrFKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxNdBRkTSWqoILNFUcqRkWgSBuoxRYnhI0swUczeisgAK0yMjaxoQ/DnX14kjbOyf16+uK2UqpU8jgIcwTGcgg+XUIUbqEEdCDzCM7zCm/PkvDjvzsesdcnJZw7gD5zPH84bles=</latexit>

à Singular singular perturbation (SSP) problem

J has more than q zero e-values

ẏ = f(y, x, t), y 2 Rq

✏ẋ = g(y, x, ✏), x 2 Rp
<latexit sha1_base64="GK6fmCZXJJB0c3at/n1SLVY4s2E="></latexit>

y0 = ✏f(y, x, t)

x0 = g(y, x, ✏)
<latexit sha1_base64="ddW+rf1xU62JDN020t6yp8c0268="></latexit>

J =

✓
0 0
@g
@y

@g
@x

◆����
✏=0

<latexit sha1_base64="tjHVvCv1SrYqEkkqqk5W8ZzkSlA="></latexit>

ẏ = R(w)m� �y

✏ṁ = v(t)� ✓ms� ✏�m

✏ṡ = y � ✓ms� ✏�s
<latexit sha1_base64="f71ghpGJGCSkeryQV4BFBrP38wM=">AAACu3ichVFNb9QwEHXCV1m+FjhyGbECbQ+7SqCIXipV4sKxILattF4qx5nddWs7kT0piqL8SW78G5zsIpW2gpEsPb0373k8zkqtPCXJryi+c/fe/Qc7DwePHj95+mz4/MWxLyoncSYLXbjTTHjUyuKMFGk8LR0Kk2k8yS4+dfrJJTqvCvuN6hIXRqysWiopKFBnw588L6ipW3h78HXc8D6wcZi3P9pdAxPgOWoSUHM++KNmus KWY+mVLmwLfYDpAuByTLsTTmsMDuNhcruDr4QxoeE/kb6PBKivJsI/IwF8CD0bjpJp0hfcBOkWjNi2jjZLkJVBS1IL7+dpUtKiEY6U1NgOeOWxFPJCrHAeoBUG/aLp52jhTWByWBYuHEvQs1cdjTDe1yYLnUbQ2l/XOvI2bV7Rcn/RKFtWhFZuLlpWGqiA7iMhVw4l6ToAIZ0Ks4JcCyckhe/ulpBef/JNcPxumr6ffviyNzrc265jh71ir9mYpewjO2Sf2RGbMRntR9+jVbSOD2IZn8d60xpHW89L9lfF1W8WU9mh</latexit>
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Solving the SSP problem
- zero e-value has am = q+1 and gm= q
- all other e-values have negative real part

Qian and Del Vecchio, IEEE Control Systems Letters, CDC, 2018

assume J =

✓
0 0

A0
21 A0

22

◆

<latexit sha1_base64="JHBhlrBklFLiOpZHOXrXpwZYo7A="></latexit>

Proof : - decompose the error system into a slow and a fast subsystem

- S Hurwitz  à fast subsystem is ISS with gain  
- A2. à slow subsystem is ISS with gain O(1/

p
✏)

<latexit sha1_base64="/hwS7W3FpSpxWnE3eC9pxF2Rfr8=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDqjFV0W3Lizgn1AZyiZ9LYNzWTGJCOUYT7Cjb/ixoUibl24829Mp11o9UDgcM69N/ceP+JMadv+snILi0vLK/nVwtr6xuZWcXunqcJYUmjQkIey7RMFnAloaKY5tCMJJPA5tPzR5cRv3YNULBS3ehyBF5CBYH1GiTZSt3jkBkQPKeH4uuwcJ242MfF5DKmr7qROXIgU46FI08NusWRX7Az4L3FmpIRmqHeLn24vpHEAQlNOlOo4dqS9hEjNKIe04MYKIkJHZAAdQwUJQHlJtkKKD4zSw/1Qmic0ztSfHQkJlBoHvqmcnKDmvYn4n9eJdf/CS5iIYg2CTj/qxxzrEE8Swj0mgWo+NoRQycyumA6JJFSbHAsmBGf+5L+keVJxTitnN9VSrTqLI4/20D4qIwedoxq6QnXUQBQ9oCf0gl6tR+vZerPep6U5a9azi37B+vgGov6fLw==</latexit>

O(✏)
<latexit sha1_base64="rPPJOcNYlQxIsyc3dkZ7ocU02q8=">AAACC3icbVDLSgMxFM3UV62vqks3wSLUTZnRii4LbtxZwT6gU0omvW1DM8mQZIQydO/GX3HjQhG3/oA7/8Z0OgttPRA4nHNfOUHEmTau++3kVlbX1jfym4Wt7Z3dveL+QVPLWFFoUMmlagdEA2cCGoYZDu1IAQkDDq1gfD3zWw+gNJPi3kwi6IZkKNiAUWKs1Cse+yExI0o4vi0nfjovCXgMUx8izbgU09NeseRW3BR4mXgZKaEM9V7xy+9LGocgDOVE647nRqabEGUY5TAt+LGGiNAxGULHUkFC0N0k3T3FJ1bp44FU9gmDU/V3R0JCrSdhYCtnl+tFbyb+53ViM7jqJkxEsQFB54sGMcdG4lkwuM8UUMMnlhCqmL0V0xFRhBobX8GG4C1+eZk0zyreeeXirlqqVbM48ugIHaMy8tAlqqEbVEcNRNEjekav6M15cl6cd+djXppzsp5D9AfO5w+LqptX</latexit>

result follows from ISS small gain theorem
for      sufficiently small✏

<latexit sha1_base64="h61yEfRHa+z+497oXjEggNTBbiU=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqiFV0W3LisYB/QhDKZ3rZDJzNhZiKUmIW/4saFIm79DXf+jdM0C209cOFwzr1z554wZlRp1/22Siura+sb5c3K1vbO7p69f9BWIpEEWkQwIbshVsAoh5ammkE3loCjkEEnnNzM/M4DSEUFv9fTGIIIjzgdUoK1kfr2Uernj6QhSyDzIVaUCZ717apbc3M4y8QrSBUVaPbtL38gSBIB14RhpXqeG+sgxVJTwiCr+ImCGJMJHkHPUI4jUEGar86cU6MMnKGQprh2cvX3RIojpaZRaDojrMdq0ZuJ/3m9RA+vg5TyONHAyXzRMGGOFs4sDGdAJRDNpoZgIqn5q0PGWGKiTWQVE4K3ePIyaZ/XvIva5V292qgXcZTRMTpBZ8hDV6iBblETtRBBj+gZvaI368l6sd6tj3lrySpmDtEfWJ8/VY+W6Q==</latexit>

Theorem (SSP): Assume that:
A1. inputs and their first derivatives bounded
A2. the reduced system is such that

Then:
D̄ < 0, (Ā11, Ā12)

<latexit sha1_base64="nNNGyZ7o2dn9ez0lKYlSjNPYL8g=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApVChlplYUdFHRhcsK9gKdYcikmTY0cyHJCGXoE7jxVdy4UMSta3e+jel0EG39IfDlP+eQnN+NGBXSML603NLyyupafr2wsbm1vaPv7rVFGHNMWjhkIe+6SBBGA9KSVDLSjThBvstIxx1dTeude8IFDYM7OY6I7aNBQD2KkVSWo5csF3F4fWFUrHNYTi+XTmKak8oP1yZHjl40qkYquAhmBkWQqenon1Y/xLFPAokZEqJnGpG0E8QlxYxMClYsSITwCA1IT2GAfCLsJF1nAkvK6UMv5OoEEqbu74kE+UKMfVd1+kgOxXxtav5X68XSO7MTGkSxJAGePeTFDMoQTrOBfcoJlmysAGFO1V8hHiKOsFQJFlQI5vzKi9CuVc3j6sltvdioZ3HkwQE4BGVgglPQADegCVoAgwfwBF7Aq/aoPWtv2vusNadlM/vgj7SPb3RRmS4=</latexit>

controllable,
lim sup
t!1

ky(t)� ȳ(t)k = O(
p
✏)

<latexit sha1_base64="veYisg9pjYTgrkP6BV1RhMS5GLQ="></latexit>RĀ12 > 0
<latexit sha1_base64="uz+xuOPrDo0SWlwLVuVI5Ody+xc=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lqRU9S8eKxiv2ANoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb2tldW19Y7OwVdze2d0r2fsHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho5up336kUrFYPOhxQr0IDwQLGcHaSL5duke9AEt07WdudXLl+HbZqTgzoGXi5qQMORq+/dXrxySNqNCEY6W6rpNoL8NSM8LppNhLFU0wGeEB7RoqcESVl80On6ATo/RRGEtTQqOZ+nsiw5FS4ygwnRHWQ7XoTcX/vG6qw0svYyJJNRVkvihMOdIxmqaA+kxSovnYEEwkM7ciMsQSE22yKpoQ3MWXl0mrWnHPKud3tXK9lsdRgCM4hlNw4QLqcAsNaAKBFJ7hFd6sJ+vFerc+5q0rVj5zCH9gff4AsGmRxg==</latexit>

ẏ = A1


y
x

�
+B1w(t), y 2 Rq

✏ẋ = A2
✏


y
x

�
+B2v(t), x 2 Rp

<latexit sha1_base64="r7M3srueJ5GfP/nQm6SiGouZI2k="></latexit>

à There is an 𝛜-independent coordinate change with       

slow

S
<latexit sha1_base64="4dxSvUTM0lfflACZKIiNUID0Cno=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0cSLx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77J8Va+UqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AKwzjNA=</latexit>

Hurwitz

fast

one-dimensional

ẏ = A1


y
x

�
+B1w(t)

✏ż1 = Ry +B2v(t) + ✏Dz

✏ż2 = Sz2 +B + 3v(t) + ✏E


y
z1

�

<latexit sha1_base64="4ty0a4qHs/sH15AHf0RfF+F6iE0="></latexit>

✏ = 0
<latexit sha1_base64="M4zfyIf/Vxfqrg5o2rVcO9N+fJg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUm0ohuh4MZlBfuAJpTJ9KYdOpkJMxOhxC78FTcuFHHrb7jzb5ymWWjrgQuHc+6dO/eECaNKu+63tbS8srq2Xtoob25t7+zae/stJVJJoEkEE7ITYgWMcmhqqhl0Egk4Dhm0w9HN1G8/gFRU8Hs9TiCI8YDTiBKsjdSzD/38jSxkKUx8SBRlgl+7PbviVt0cziLxClJBBRo9+8vvC5LGwDVhWKmu5yY6yLDUlDCYlP1UQYLJCA+gayjHMaggy3dPnBOj9J1ISFNcO7n6eyLDsVLjODSdMdZDNe9Nxf+8bqqjqyCjPEk1cDJbFKXM0cKZhuH0qQSi2dgQTCQ1f3XIEEtMtImsbELw5k9eJK2zqndevbirVeq1Io4SOkLH6BR56BLV0S1qoCYi6BE9o1f0Zj1ZL9a79TFrXbKKmQP0B9bnD4Frll4=</latexit>set 

in the fast dynamics

𝛜-dependent reduced system
˙̄y = Ā11ȳ + Ā12z̄1 + B̄1w(t) + B̄4v(t)

✏ ˙̄z1 = Rȳ + B̄2v(t) + ✏D̄z̄1
<latexit sha1_base64="tUWB2+/jLja7TEZJfF5zDm2tIB0="></latexit>



29

Solving the robust tracking problem

Hamadeh, Sontag and Del Vecchio, IEEE CDC 2016

𝛜-dependent reduced system

lim sup
t!1

ky(t)� ȳ(t)k = O(
p
✏)

<latexit sha1_base64="veYisg9pjYTgrkP6BV1RhMS5GLQ="></latexit>

original system

Theorem (robust tracking for reduced system): 
If, in addition, all input derivatives are bounded, then lim sup

t!1
kRȳ(t) + B̄2v(t)k = O(

p
✏)

<latexit sha1_base64="IXncoprHdfKt/yAtg2o5kUVahQE="></latexit>

lim sup
t!1

ky(t) +R�1B̄2v(t)k = O(
p
✏)

<latexit sha1_base64="Jg8NnUAyWVuYfDEyO9+5XbPlPCM="></latexit>

à independent of w(t)
<latexit sha1_base64="82YXOBzeksOz86JgpmD2trA7MWE=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREK7osuHFZwT6gDWUyuW2HTiZhZqLU0C9x40IRt36KO//GaZqFth64cDjn3rlzjx9zprTjfFuFtfWNza3idmlnd2+/bB8ctlWUSAotGvFIdn2igDMBLc00h24sgYQ+h44/uZn7nQeQikXiXk9j8EIyEmzIKNFGGtjlfvZGKiGYPVb12cCuODUnA14lbk4qKEdzYH/1g4gmIQhNOVGq5zqx9lIiNaMcZqV+oiAmdEJG0DNUkBCUl2ZLZ/jUKAEeRtKU0DhTf0+kJFRqGvqmMyR6rJa9ufif10v08NpLmYgTDYIuFg0TjnWE5ynggEmgmk8NIVQy81dMx0QSqk1WJROCu3zyKmmf19yL2uVdvdKo53EU0TE6QVXkoivUQLeoiVqIogQ9o1f0Zj1ZL9a79bFoLVj5zBH6A+vzB847kyQ=</latexit>

✏ ! 0
<latexit sha1_base64="2HmAA+3nBx2ctDsXahopIrmHQU4=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKoEiGCuxMBaJPqQmqhz3prXq2JHtgKqoMwu/wsIAQqx8ARt/g/sYoOVIVzo651773hOlnGnjed/O0vLK6tp6YaO4ubW9s+vu7Te0zBSFOpVcqlZENHAmoG6Y4dBKFZAk4tCMBtdjv3kPSjMp7swwhTAhPcFiRomxUsc9CiZv5BHPYBRAqhmXIlCs1zdEKfmAvY5b8sreBHiR+DNSQjPUOu5X0JU0S0AYyonWbd9LTZgTZRjlMCoGmYaU0AHpQdtSQRLQYT5ZY4RPrNLFsVS2hMET9fdEThKth0lkOxNi+nreG4v/ee3MxFdhzkSaGRB0+lGccWwkHueCu0wBNXxoCaGK2V0x7RNFqLHpFW0I/vzJi6RxVvbPyxe3lVK1MoujgA7RMTpFPrpEVXSDaqiOKHpEz+gVvTlPzovz7nxMW5ec2cwB+gPn8wd2C5tU</latexit>
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<latexit sha1_base64="5wLGP3B/Qg2GYw+FO8AE1EdovPA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseCF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPEnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZvbqvVeq1PI4inMApnIMH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBgJI3S</latexit>

à independent of wi
<latexit sha1_base64="7L+BjDRt3b1miAHGJ++j0MSgjQY=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KolWdFlw47KCfUAbwmQyaYdOHsxMLCXmU9y4UMStX+LOv3GaZqGtBy4czrl37tzjJZxJZVnfxtr6xubWdmWnuru3f3Bo1o66Mk4FoR0S81j0PSwpZxHtKKY47SeC4tDjtOdNbud+75EKyeLoQc0S6oR4FLGAEay05Jq1bFg8kgnq52jqstw161bDKoBWiV2SOpRou+bX0I9JGtJIEY6lHNhWopwMC8UIp3l1mEqaYDLBIzrQNMIhlU5WbM3RmVZ8FMRCV6RQof6eyHAo5Sz0dGeI1Vgue3PxP2+QquDGyViUpIpGZLEoSDlSMZrngHwmKFF8pgkmgum/IjLGAhOl06rqEOzlk1dJ96JhXzau7pv1VrOMowIncArnYMM1tOAO2tABAlN4hld4M56MF+Pd+Fi0rhnlzDH8gfH5A9LGlFM=</latexit>

✏wi
<latexit sha1_base64="7L+BjDRt3b1miAHGJ++j0MSgjQY=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KolWdFlw47KCfUAbwmQyaYdOHsxMLCXmU9y4UMStX+LOv3GaZqGtBy4czrl37tzjJZxJZVnfxtr6xubWdmWnuru3f3Bo1o66Mk4FoR0S81j0PSwpZxHtKKY47SeC4tDjtOdNbud+75EKyeLoQc0S6oR4FLGAEay05Jq1bFg8kgnq52jqstw161bDKoBWiV2SOpRou+bX0I9JGtJIEY6lHNhWopwMC8UIp3l1mEqaYDLBIzrQNMIhlU5WbM3RmVZ8FMRCV6RQof6eyHAo5Sz0dGeI1Vgue3PxP2+QquDGyViUpIpGZLEoSDlSMZrngHwmKFF8pgkmgum/IjLGAhOl06rqEOzlk1dJ96JhXzau7pv1VrOMowIncArnYMM1tOAO2tABAlN4hld4M56MF+Pd+Fi0rhnlzDH8gfH5A9LGlFM=</latexit>

bounded independent ofWe have:  for constant 

wi

vi
⌃✏

i
<latexit sha1_base64="2z9MjwiCeNL6fuiskjP16GvM0YQ=">AAACCnicbVC7TsMwFHXKq5RXgJElUCExVQkUwViJhbEI+pCaEDnuTWvVcSLbQaqizCz8CgsDCLHyBWz8DW7aAVqOdKWjc+719T1BwqhUtv1tlJaWV1bXyuuVjc2t7R1zd68t41QQaJGYxaIbYAmMcmgpqhh0EwE4Chh0gtHVxO88gJA05ndqnIAX4QGnISVYack3D91bOoiwT++zzC2eywKWQu5CIimLeZ77ZtWu2QWsReLMSBXN0PTNL7cfkzQCrgjDUvYcO1FehoWihEFecVMJCSYjPICephxHIL2s2J1bx1rpW2EsdHFlFerviQxHUo6jQHdGWA3lvDcR//N6qQovvYzyJFXAyXRRmDJLxdYkF6tPBRDFxppgIqj+q0WGWGCidHoVHYIzf/IiaZ/WnLPa+U292qjP4iijA3SETpCDLlADXaMmaiGCHtEzekVvxpPxYrwbH9PWkjGb2Ud/YHz+ABZ5m8I=</latexit>

⌃✏
i

<latexit sha1_base64="2z9MjwiCeNL6fuiskjP16GvM0YQ=">AAACCnicbVC7TsMwFHXKq5RXgJElUCExVQkUwViJhbEI+pCaEDnuTWvVcSLbQaqizCz8CgsDCLHyBWz8DW7aAVqOdKWjc+719T1BwqhUtv1tlJaWV1bXyuuVjc2t7R1zd68t41QQaJGYxaIbYAmMcmgpqhh0EwE4Chh0gtHVxO88gJA05ndqnIAX4QGnISVYack3D91bOoiwT++zzC2eywKWQu5CIimLeZ77ZtWu2QWsReLMSBXN0PTNL7cfkzQCrgjDUvYcO1FehoWihEFecVMJCSYjPICephxHIL2s2J1bx1rpW2EsdHFlFerviQxHUo6jQHdGWA3lvDcR//N6qQovvYzyJFXAyXRRmDJLxdYkF6tPBRDFxppgIqj+q0WGWGCidHoVHYIzf/IiaZ/WnLPa+U292qjP4iijA3SETpCDLlADXaMmaiGCHtEzekVvxpPxYrwbH9PWkjGb2Ud/YHz+ABZ5m8I=</latexit>

yi

di

§ ensure that       steady state has   -independent bound 
§ ensure closed loop system approaches steady state  

wi
<latexit sha1_base64="YjG5sdvqr9GcxTD4SIF8HC8Yvvc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qkneqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xbuoXN5Vy7VqHkcBjuEEzsCDK6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBdGI3Q</latexit>

✏
<latexit sha1_base64="2esI0VVtQgbKpzFWelequxEIxjU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseCF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1busXt3XKvVaHkcRTuAUzsGDa6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBK35AZ</latexit>

⌃✏
j 6=i

<latexit sha1_base64="VYIpJ6F+/UWwooEvEtgwpaugbUQ=">AAACEnicbVC7TsMwFHXKq5RXgZHFokKCpUqgCMZKLIxF0IfUhMpxb1tTxwm2g1RF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59zr63v8iDOlbfvbyi0sLi2v5FcLa+sbm1vF7Z2GCmNJoU5DHsqWTxRwJqCumebQiiSQwOfQ9IcXY7/5AFKxUNzoUQReQPqC9Rgl2kid4pF7zfoB6SR3roB7zNLbJHEnzyY+jyF1IVKMhyJNO8WSXbYnwPPEyUgJZah1il9uN6RxAEJTTpRqO3akvYRIzSiHtODGCiJCh6QPbUMFCUB5yWR3ig+M0sW9UJoSGk/U3xMJCZQaBb7pDIgeqFlvLP7ntWPdO/cSJqJYg6DTRb2YYx3icT64yyRQzUeGECqZ+SumAyIJ1SbFggnBmT15njSOy85J+fSqUqpWsjjyaA/to0PkoDNURZeohuqIokf0jF7Rm/VkvVjv1se0NWdlM7voD6zPH3L5nzQ=</latexit>

Problem: Can we guarantee that
lim
t!1

kyi(t)� h(vi)k = O(
p
✏)kwik

<latexit sha1_base64="rFlZHPvTZrviMU3j7oLxVF/Owjk="></latexit> lim
t!1

kyi(t)� h(vi)k = O(
p
✏)

<latexit sha1_base64="lXp+5UOfW79QSGbX4p0JNAeXSh4="></latexit>
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physics leads to steady state relationships:

linear term in wi
<latexit sha1_base64="YjG5sdvqr9GcxTD4SIF8HC8Yvvc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qkneqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xbuoXN5Vy7VqHkcBjuEEzsCDK6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBdGI3Q</latexit>

HOT in wi
<latexit sha1_base64="YjG5sdvqr9GcxTD4SIF8HC8Yvvc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qkneqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xbuoXN5Vy7VqHkcBjuEEzsCDK6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBdGI3Q</latexit>

wi =
X

j 6=i

dj
<latexit sha1_base64="tPRQ6lAelbrLTVmySos7L9UiS5U=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JoRTdCwY3LCvYBTQiTyaSddmYSZyZKiV34K25cKOLW33Dn3zh9LLT1wIXDOfdy7z1hyqjSjvNtLSwuLa+sFtaK6xubW9v2zm5DJZnEpI4TlshWiBRhVJC6ppqRVioJ4iEjzbB/NfKb90QqmohbPUiJz1FH0JhipI0U2PsPAb30VMaDvOcJcgfpEEZBL7BLTtkZA84Td0pKYIpaYH95UYIzToTGDCnVdp1U+zmSmmJGhkUvUyRFuI86pG2oQJwoPx/fP4RHRolgnEhTQsOx+nsiR1ypAQ9NJ0e6q2a9kfif1850fOHnVKSZJgJPFsUZgzqBozBgRCXBmg0MQVhScyvEXSQR1iayognBnX15njROyu5p+eymUqpWpnEUwAE4BMfABeegCq5BDdQBBo/gGbyCN+vJerHerY9J64I1ndkDf2B9/gDCUJXk</latexit>

rest of net

wi

vi yi

di

Qian and Del Vecchio, Proc. IEEE CDC 2016

di = gi(vi) + ĝi(vi) · wi + g̃i(wi) ·O(✏)
<latexit sha1_base64="V/dctn4TdK/YAn6KkPbg8osu4sQ="></latexit>

Network disturbance attenuation
ensure that       has an    -independent steady state boundwi

<latexit sha1_base64="YjG5sdvqr9GcxTD4SIF8HC8Yvvc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qkneqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xbuoXN5Vy7VqHkcBjuEEzsCDK6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBdGI3Q</latexit>

✏
<latexit sha1_base64="2esI0VVtQgbKpzFWelequxEIxjU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseCF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1busXt3XKvVaHkcRTuAUzsGDa6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBK35AZ</latexit>

(i) system i

(ii) interconnection

A(v) · w = g(v) + g̃(w)O(✏)
<latexit sha1_base64="ynRuKBJ6NdQnqa6+PMhhb1MXwy0=">AAACG3icbVBNSwMxEM36bf2qevQSLEKLUHZrRS9CxYs3FawK3VKy2WkNzSZLMquU0v/hxb/ixYMingQP/hvT2oNfDwIv780wMy9KpbDo+x/exOTU9Mzs3HxuYXFpeSW/unZhdWY41LmW2lxFzIIUCuooUMJVaoAlkYTLqHs09C9vwFih1Tn2UmgmrKNEW3CGTmrlK4fFmxINeayR3h7QjvtthyhkDI7flsKE4TVnkp4UQ0itkFqVWvmCX/ZHoH9JMCYFMsZpK/8WxppnCSjkklnbCPwUm31mUHAJg1yYWUgZ77IONBxVLAHb7I9uG9Atp8S0rY17CulI/d7RZ4m1vSRylcNd7W9vKP7nNTJs7zf7QqUZguJfg9qZpKjpMCgaCwMcZc8Rxo1wu1J+zQzj6OLMuRCC3yf/JReVcrBT3j2rFmrVcRxzZINskiIJyB6pkWNySuqEkzvyQJ7Is3fvPXov3utX6YQ37lknP+C9fwJPGp8c</latexit>

(i)+(ii)à

A(v) =

2

6664

1 �ĝ2 · · �ĝn
�ĝ1 1 �ĝ2 · �ĝn
...

...
...

...
...

�ĝ1 �ĝ2 · �ĝn�1 1

3

7775

<latexit sha1_base64="uD2I0D4ILJAzart1QBwELZjnK1U="></latexit>

(iii) system

w
<latexit sha1_base64="UmsxUI/tBIBhuRqqhWdbfFb1nUg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0cSLx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77J8Va+UqpUsjjycwCmcgwfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOLDjPQ=</latexit>

✏
<latexit sha1_base64="2esI0VVtQgbKpzFWelequxEIxjU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseCF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1busXt3XKvVaHkcRTuAUzsGDa6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBK35AZ</latexit>à If A(v)

<latexit sha1_base64="aBq49RaJr/GMWeeUvMXQ44qN2hw=">AAAB7HicbVBNTwIxEJ36ifiFevTSSEzwQnYVo0eMF4+YuEACG9ItXWjodjdtl4Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznG62tb2xubRd2irt7+weHpaPjpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdD/zW2OmNI/lk5kkzI/IQPKQU2Ks5N1Vxhe4Vyo7VWcOvErcnJQhR6NX+ur2Y5pGTBoqiNYd10mMnxFlOBVsWuymmiWEjsiAdSyVJGLaz+bHTvG5Vfo4jJUtafBc/T2RkUjrSRTYzoiYoV72ZuJ/Xic14a2fcZmkhkm6WBSmApsYzz7Hfa4YNWJiCaGK21sxHRJFqLH5FG0I7vLLq6R5WXWvqtePtXK9lsdRgFM4gwq4cAN1eIAGeECBwzO8whuS6AW9o49F6xrKZ07gD9DnD4VSjc0=</latexit>

is invertible, then       has    -independent bound

sufficient check: diagonal dominance
X

j 6=i

ĝj(vj) < 1, 8 i

<latexit sha1_base64="t5ftg4wMCj+QW33YDxKdmQRelpU=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgVJCRaUaiLghuXFewDmhAm00k77WQSZyaFEvoXbvwVNy4Ucas7/8bpY6GtZxg4nHMv994TJIxKZdvfxtLyyuraem4jv7m1vbNr7u3XZZwKTGo4ZrFoBkgSRjmpKaoYaSaCoChgpBH0b8Z+Y0CEpDG/V8OEeBHqcBpSjJSWfNNyZRr5Wc/l5AHSEXS7SMGO3ysO/N7JtXPqlvULY4EYg26Z+mbBtuwJ4CJxZqQAZqj65pfbjnEaEa4wQ1K2HDtRXoaEopiRUd5NJUkQ7qMOaWnKUUSkl03uGsFjrbShnq4/V3Ci/u7IUCTlMAp0ZYRUV857Y/E/r5Wq8MrLKE9SRTieDgpTBlUMxyHBNhUEKzbUBGFB9a4Qd5FAWOko8zoEZ/7kRVI/s5xz6+KuVKiUZnHkwCE4AkXggEtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dMmY9RyAPzA+fwDYjZ5n</latexit>

ĝj(vj)
<latexit sha1_base64="iJnL6cj+vIyvAT7QNxdwvU0i47I=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEzwQnYVo0cSLx4xkUcCm83sMMDA7MOZXhKy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx1JotO1va219Y3NrO7eT393bPzgsHB03dJQoxusskpFq+VRzKUJeR4GSt2LFaeBL3vRHdzO/OeZKiyh8xEnM3YD2Q9ETjKKR3M6AIul7w9LYG154haJdtucgq8TJSBEy1LzCV6cbsSTgITJJtW47doxuShUKJvk030k0jykb0T5vGxrSgGs3nR89JedG6ZJepEyFSObq74mUBlpPAt90BhQHetmbif957QR7t24qwjhBHrLFol4iCUZklgDpCsUZyokhlClhbiVsQBVlaHLKmxCc5ZdXSeOy7FyVrx8qxWoliyMHp3AGJXDgBqpwDzWoA4MneIZXeLPG1ov1bn0sWtesbOYE/sD6/AHNZJFu</latexit>

increasing function of vj
<latexit sha1_base64="CZ2RhrJvf1hWefdDf+tdXhY7tgo=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0cSLx4xyiOBDZkdemFkdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh7cxvjlBpHstHM07Qj2hf8pAzaqz0MOo+dYslt+zOQVaJl5ESZKh1i1+dXszSCKVhgmrd9tzE+BOqDGcCp4VOqjGhbEj72LZU0gi1P5mfOiVnVumRMFa2pCFz9ffEhEZaj6PAdkbUDPSyNxP/89qpCW/8CZdJalCyxaIwFcTEZPY36XGFzIixJZQpbm8lbEAVZcamU7AheMsvr5LGRdm7LF/dV0rVShZHHk7gFM7Bg2uowh3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AXRaN0A==</latexit>

single node
dist attn

net dist attn obtain constraints
on tunable parameters

as a function of the
number of nodes

v1

v2

v3
à
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rest of net

wi

vi yi

di

ensure closed loop system approaches steady state
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Network disturbance attenuation

Assumption: ⌃✏
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is input-to-state/output monotone

à use Small Gain Theorem for Monotone Systems
(Angeli & Sontag, IEEE TAC 2003)

A(v)
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diagonally dominant àunique/globally attractive equilibrium

Note: we can prove the controller makes ⌃✏
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SP - monotone
if its dynamics are much faster than the plant 
(Grunberg and Del Vecchio, IEEE CDC 2019)

on-going: time-varying inputs and regulatory interactions

wi

vi
yi

di

wi =
X

j 6=i

dj
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regulatory
interactions

In preparation – ingredients:
small-gain theorem for singularly perturbed monotone

systems (Christofides & Teel, IEEE TAC 1995;
Angeli & Sontag, IEEE TAC 2003)
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Summary

Cellular resources
Loads applied by downstream modules change the 
behavior of upstream systems

Loads that modules apply to cellular resources 
cause subtle couplings among theoretically 
independent modules

The load driver
Cellular resourcesCellular resourcesThe resource decoupler

uses time scale separation in place
of high-gain negative feedback
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Cellular resources

An engineering framework for insulating genetic modules from perturbations

uses fast quasi-integral control 



Some reasons why modularity is a challenge

39

Cellular ‘circuitry’, growth, … 
Modules often have “off-target” interactions, affect growth rate, and 
this, in turn, has global effects on a module’s dynamics

Cellular resources
Loads applied by downstream modules change the behavior of 
upstream systems

Modules  apply a load the cellular resources: creates subtle couplings
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control and synthetic biology
synthetic biology
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(Del Vecchio, Hespanha, Klavins, Papachristodoulou, Sontag, …)
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(Khammash, Papachristodoulou, Stan, …)

and many more…

- lab conditions: temperature, nutrients, Ph,…

- cell type/strain

- growth phase

- mutations
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Chevalier et al. Cell Systems 2019
Agrawal et al. Nat Comm 2019
Kelly et al. NAR 2018
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Summary

Cellular resources
Loads applied by downstream modules change the 
behavior of upstream systems

Loads that modules apply to cellular resources 
cause subtle couplings among theoretically 
independent modules

The Load Driver
Cellular resourcesCellular resourcesThe Resource Decoupler

uses time scale separation in place
of high-gain negative feedback
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Cellular resources

An engineering framework for insulating genetic modules from perturbations

uses fast quasi-integral control 


