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Pose estimation
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Attitude and pose  

estimation



Spatial Awareness for Augmented Reality
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⚫ Global analysis framework

⚫ Global stability results 

⚫ Algebraic and algorithmic simplicity

⚫ Low computational and memory cost

⚫ Practical robustness to real-world measurement 

errors. 

⚫ Data association errors

⚫ Missing data 

⚫ False and malicious data

Why equivariant observers
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A review of nonlinear observer design



System kinematics
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System kinematics
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System kinematics
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System function is linear in input



System kinematics
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System kinematics
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Measurements



Classical Observer Architecture
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Classical Observer Architecture
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Classical Observer Architecture
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Correction term



Observer analysis framework
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Stability

LES – Local 

Exponential 

Stability

GAS - Global 

Asymptotic 

Stability

LAS - Local 

Asymptotic 

Stability

GES - Global 

Exponential 

Stability

Practical Stability Uniform Stability



11-Dec-19Equivariant Systems and Observer Design 19

Roadblock



Equivariant observer architecture
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Output

Error

• A new observer state space 

• An output map from the new state to the desired estimate

• A well defined global error signal 

• Observer dynamics (internal model and correction term) 

?
Observer dynamics

Observer state



Symmetry
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An introduction to symmetry



Symmetry
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A symmetry is a mapping that 

preserves the structure of the 

space



Parametrizing state by symmetry
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Define



Group parametrization
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Lie group

State 

space



Group parametrization
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Lie group

Observer 

output

State 

space



Observer state space and output
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Observer dynamics

Error

Observer state Output

Fix an origin



Error
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Lie group

State 

space Observer 

output



Observer state space and output
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Observer dynamics

Error Well defined !!

Global !! 

Smooth !! 
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Lifted System and Internal Model



Tangent spaces
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Lie group

Lie algebra = tangent space at identity

Left 

multiplication

Tangent 

space at X



Lift: System kinematics
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Input  space



Lift: Action projection
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Input  space



Lift: Finding a right inverse
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Input  space

Theorem: If the 

symmetry is 

transitive then it is 

always possible to 

build a lift.



Lifted System
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Theorem



Internal model 
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Correction

term

Internal model or pre-observer



Output Symmetry
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Output Symmetry and Innovations



Start with state symmetry
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State spaceLie group



Output map
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State spaceLie group

Output space



Output Symmetry
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State spaceLie group

Output space



Equivariant output
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State spaceLie group

Output space



Innovation
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State space

Output space

Innovation 

or output error

For equivariant output



Equivariant observer: innovation
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Innovation

Time varying gain map 
Well defined !!

Global !! 

Smooth !!

Computable !! 



Equivariant observer: innovation
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Innovation

Time varying gain map 

Design problem



Error kinematics
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Observer design remains a challenging problem 

due to non-autonomous error dynamics
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Input Symmetry and Equivariance



kinematics
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Input  space



State Symmetry
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Input  space



Input symmetry and equivariance
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Input  space

Linear vector 

space symmetry



Input symmetry and equivariance
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Input  space



Intrinsic input symmetry 
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System function defines a family of smooth vector fields

The input action is uniquely defined by the state action



Equivariant lifts and error kinematics 
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Invariant Systems



Invariant systems
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Body-fixed velocity 

measurements

Reference-fixed velocity 

measurements

Equivalent to

“group affine”

Bonnabel et al.



Invariant error kinematics
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Independent error kinematics.

Autonomous 

error 

kinematics.



Equivariant Observer Design 
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Spatial Awareness for Augmented Reality
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SLAM Robustness to data association error
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Conclusions
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Kinematics Local error



Conclusions
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Kinematics

State Symmetry Lifted system

Local error

Global error



Conclusions
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Kinematics

State Symmetry

Output Symmetry

Lifted system

Equivariant output

Local error

Global error

Global innovation



Conclusions
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Kinematics

State Symmetry

Output Symmetry

Lifted system

Equivariant output

Input Symmetry Equivariant lift 

Local error

Global error

Global innovation

Global error 

kinematics

…



Conclusions
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Kinematics

State Symmetry

Output Symmetry

Lifted system

Equivariant output

Input Symmetry Equivariant lift 

Invariance Group affine

Local error

Global error

Global innovation

Global error 

kinematics

Independent 

error 

kinematics(Bonnabel et al) IEKF



11-Dec-19Equivariant Systems and Observer Design 63

Yonhon Ng

Jochen Trumpf

Pascal Morin

Pieter van Goor

Guilaume Allibert

Florent Le Bras

Tarek Hamel

Bruno Herisse

Xiaolei Hou

Christian Lageman
Moses Bangura

Behzad 

Zamani

Alessandro Saccon


