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U semi-plenary at the CDC provides a unique cppetunity to weflect an the
past and te lack at the future ...

J spent 20+ years undewstanding lineay alifects from a nonlinear
pewspective and J now believe that

They confuse cur intuition and delay cur undewstanding . ...
pretty much like Euclidean geametry and the standard naotion of

onthogonality cbfuscate cur undewstanding of space

Before spending ancthier 20+ years in tuping ta (mis- Junderstand moxe
Unear abifects J weuld like to neflect an same of the lessans J have learnt.
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The rules

Feow to bueak the cunse of linearity and time-invariance ¥
1. Study linean, time-inuaiant systems

2. (uoid matvizx multiplication|inversion

3. While diffeventiating, feep track of constant teuns

4. Never use frequency ox Laplace transferms

5. 9F need use, matuices always act an samething

6. Replace linear algeliva with intexconnection, invaiance, pde’s,
coardinates transfounations, the principle of eptimality, dynamic
pregranuning, tuajectesies, diffenential eperatans, graph theony
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The plan

1.  Moements and phasoxs (watdanaScwtaattL)_

2.  Jhe Loewner functions( Joel Simaxd) - Analysis

3. Fewistence of excitation ((Wlbente Fadoan )

4. Adaptive control (Kaiwen Chen) |

- Design

5. Optimal control (Marie Sassane)
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Moments are ubiquitous in maths/physics/biology... —w=ft=t

N = / r'density (r)dr r = distance
?
Moments in probability: 1, mean, variance, skewness, ....
Moment of a force/torque: first order moment

Electrical dipole: first order moment T, Stieltjes, Recherches sur Jes
ﬁactz'ona continues. %nnafea de Ja

Moment of inertia; second order moment Fociilte s cioncth U
of ﬂnz’verm’té de c?(cpufouae  pour Jes
Phasors: first order moments Py P ﬂat;,gmaﬁ?uw . i

. _ ] dciences ﬂ5 @Ji?u&f, 1984 .
Biomass concentration: first order moment

Cell density: zero-th order moment
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.. ald systems theory

ht— IR N (8%) = /0 t" e h(t)dt

h is the impulse response of a linear time-invariant (SISO) system

= Axr + Bu

Wis) = C(sl — A)_lB
C'r

T
y p—
0-moment at s*: no(s*) = C(s*I — A)~"'B

-
k-moment at S™ :

(—D)F [ d* 1 % —(k+1)
= |G (I - =TT - A B

g=—g*

Me(s™)
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h:t— R N (8%) = /0 tme T (t)dt

h is the impulse response of a linear time-invariant (SISO) system

= Axr + Bu

Wis) = C(sl — A)_lB
C'r

0-moment at s*: no(s*) = C(s*I — A)~"'B

no(s*) = C1I
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h:t— R Thn(S*):::Jé tme T (t)dt

h is the impulse response of a linear time-invariant (SISO) system

k-moment at s™:

CLP L -1 . —(k+1)

§—3%*

Me(s™)

e /

no(s*), ..., ne(s™) AIl+ BL =11S
det(s] — S) = (s — s*)F+1




Universita di Roma

Imperial College

London
The notion of moment - Linear systems AT

The interpolation point The system

5 — S r = Ax+ Bu
y = Cx
Steady state response
. r = Ax+ Bu
w = Sw u=Lw J Moments
y = Cx
I1

Re(a(S)) >0
Observabllity

Asymptotic stability

» Yy /R4
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The notion of moment - Linear systems AT

The interpolation point The system

5 — S r = Ax+ Bu
y = Cx
Steady state response
. r = Ax+ Bu
w = Sw u=Lw J Moments
y = Cx
I1
Alternatively

w = Sw +dg w(0)
w(0) =0
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The notion of moment - Linear systems — Swapped

The interpolation point The system
. , r = Ax+ Bu
w = Sw
y = Cx
_ r = Ax+ Bu ,
u=0d0 Y o=Sw+My|E
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The notion of moment - Linear systems — Swapped

The

D 2

interpolation point

w = Sw

Steady state response

Moments

Y Jw=Sw+My

The system

r = Ax+ Bu
y = Cx

uw = Jo ) z = Ax+ Bu
y = Cx

Asymptotic stability

=

T

Re(o(5)) 2 0
Controllability

» Yy /R4

O
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The notion of moment - Linear systems — Summary

The generator The system
(interpolation points)
r = Ax+ Bu
w = Sw

y = Cx
Steady state response Steady state response

Moments Moments

T Krylov projectors I1
ST=TA+ MC All + BL =115

% Wo{{*}/fov O the numerical sofution (3]0 the eguatz’on b:}/ which, in
technical ?ueeftwno" ﬁequencze& OJC small oscillations of‘ material o:}/o"temef |

are determined, cfzv %k-m[ W;uk- 333&&% ﬁ& -mat., 1931
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The notion of moment - Linear systems — Questions

Js the intexcennection approach adequate to extend the neticn of moment
to nenlinear systems?

Fow de we interpret the non-cbsewvability condition?

Can we provide an intiinsic intexpretation of the swapped intercennection
without using duality?

Can we simultanecusly interconnect generatons left ard vight?
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The notion of moment - Nonlinear systems et
The interpolation point The system
w = S(w) T = f(T: ’LL)
0 = Il(w) l y = h(x)
_ io= e /
w = s(w) u=lw) Y t
y = h(x) Steady state response

Poisson stability
Observability

Asymptotic stability

» » >
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The notion of moment — Nonlinear systems G
The interpolation point The system
w = S(Ld) T — f(il“:, ’LL)
0 = Il(w) l y = h(x)
Moments
— T — f(:[‘, ’LL)
o= sw) [LZI) v, 1
y = h(x) Steady state response
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The notion of moment — Nonlinear systems Tor Vergats
The interpolation point The system
w = s(w) i = f(z,u)

The signal generator captures the requirement that one is interested
in studying the behaviour of the system only in specific circumstances

The interconnected system possesses an invariant manifold
and the dynamics restricted to the manifold are a copy of the
dynamics of the signal generator

h(m(w)) is by definition the moment of the nonlinear system at s(w)
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The notion of moment - Nonlinear systems — Swapgped ===

The interpolation point The system
T — f(it‘, ‘LL)
Moments
— Tl & = s(w,y) >
y = h(z)

CIBS
Poisson stability

Controllability

Asymptotic stability

» Yy /R4
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The notion of moment - Nonlinear systems — Swapgped ===

The system The interpolation points
r =  f(xz,u) w = s(w.y)
y = h(x) w(0) =10
Moments
y = h(z)
With special
“care”
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The notion of moment - Linear systems — Questions

Js the intexcennection approach adequate to extend the neticn of moment
" te nonlinear systems?

Fow de we interpret the non-cbsewvability condition?

Can we provide an intiinsic intexpretation of the swapped intercennection
without using duality?

Can we simultanecusly interconnect generatons left ard vight?

Before answering these questions we take a detour into circuits theowy
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The phasor transform coincides with the Sylvester equation
defining the moment (at the phasor angular frequency)

The component of the matrix IT are the phasors of the currents
and of the integrals of the currents

The phasor of the output response is the moment of the system
(at the phasor angular frequency)

76; % &3tez'nmeb;z & f ﬁez:g ”‘Comjofex ‘ggtantiii'ea and Jheir Use in
fﬁfctncaf fnjzneennj roceedin ngs of‘ the j;tternatzonaf ffectrzcaf ‘Conjreem
T;/tdzayo z;%merzcan jj‘w‘tztute g[‘ ffectrzcaf fnjzneenf 1893

\ |
) ! '..['J L NN

A

: -
E=

== — —
- —_— — — — —_ - = —_—



Imperial College
London

Universita di Roma

Tor Vergata

i 1 [t
11::I}E% Uzzzzf./g L dT v = R
Phasor . _ - 1 _ _ _
transform | = V = jwlLl V=—I V =RI
JwC
It contains

information on
the “regime”
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Phasor transform and circuit elements/properties

I It contains information on the “regime” \

/Time domain — Phasor domain v

v(t)=VA(t) V. . , //t% L

R E ¢ .C 1

—~\Vi\—e —> <\ '\ i > At)
INOM

Average power Reactive power 1

1, —
P= <pt)>= = (éR r Y I(t)A( ')TA(t)*D Q = 5 S [V(t)*I(t)A(t%\A(t)*D
Switched mode operation with 50% duty cycle
P=1R[V(t)*I(t)] Q=13 V() I(t)]

Y2 in the /

sinusoidal case




Universita di Roma

Imperial College

1. Mements and phasors
2. YGhe Loewner functions

3. Fewistence of excitation
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The notion of moment - Double-sided interconnection

(G=A,+A | v=u |i=Acx+Bu |y=x| { = M + Ly

A(t) — — (1)
v = R(, y=Cx n=(
Cvir1—f1wy L. "Ulrp_glwp ]
f1—A1 p1—Ap
]L, — . '.. . @
VopT1—lpW1 . 'Uv'r'p_ngp
| M — A1 Ho—Ap

The Loewner (divided difference) matrix

G. Ioeu/ner, Uber monotone mzoatrz'mfunk-tz'onen,
%ﬁﬁmfz&cﬁ Zz’td’cﬁﬁ 1938.
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The notion of moment — Double-sided interconnection ===

The right (!) interpolation points The left (1) interpolation points
(=A,+A | v=u |i=Az+Bu |y=x|{ =M+ Ly
A(t) — —7(1)
v~ R, y=Cux n =G
4 ~
Moment at ﬂ’i v11r1—¥01 w1 'Ul'rp_glw,oé-

7 Moment at

>\bv”"1—£'v’wl ce Vo Tp—buWp \E
V P —A1 Po—Ap W

L = — ; (MI—=A)"'Bri -+ (A —A)"'Bry]
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The notion of moment — Double-sided interconnection ===

The right (!) interpolation points The left (1) interpolation points

. N
G=AG+A | v=u |t=Ax+Bu |y=Xx | &= M+ Ly

A(t) —
© v = R n=C

— 1(t)

~

Moment at

L = — ; (MI—=A)"'Bri -+ (A —A)"'Bry]
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The notion of moment — Double-sided interconnection ===

The right (!) interpolation points The left (1) interpolation points
R .
A(t)—-cr: G + v=u |z=Arx+DBu |y=x | (= M( + Lx n(t)
v/~ RC, y=~Cx n=C
Y
Moment at A,

_ElC(,ulI — A)_l- ( ‘

L = -— ; (MI—=A)"'Bry - (A —A)"'Br,]
_E’UC’(H”UI _ A)_l_
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The notion of moment — Double-sided interconnection ===

The right (1) interpolation points The left (1) interpolation points

(=AG+A | v=u |i=Ax+Bu |y=x| (= M+ Ly
v = R( y=_Cu n=CGe

A(t) — —1(?)

LA—-ML=LW —-VR

\/ Generalized reachability

L = -YX and observability

/ matrices
1

|
L = — ; (MI—=A)"'Bri -+ (A —A)"'Bry]
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The notion of moment - Double-sided interconnection

Fhe Loewner matiix allows double-sided interpalation, but heavily elies on

The associated Sylvester equation is naot nelated to any invatiance condition

LA—ML=ILW -VR (%
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The notion of moment - Double-sided interconnection

Fhe Loewner matiic allows doubile-sided interpalation, but heavily elies on
the transfer function and on lineaxity

The associated Sylvester equation is naot nelated to any invatiance condition

LA - ML=LW —-—VR
L=L"+L"
ML —L‘A = VR LA — ML" = LW

/ Two invariance-like
equations
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The notion of moment - Double-sided interconnection

(/]L!:/IL{)
ML —L‘A = VR LA — ML" = LW

LA—-—ML=LW —-VR

4

L=L¢f+1"

/\

oL = MIL* ol.L” = L"A

R e
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The notion of moment - Double-sided interconnection

A(t)__c;igcrw v=u :'ciAx+Bu y=x éziMCe+LX 0
v = RC, y=_Cx n=_Ge
(}J{

ML — LA = VR LA - ML" = LW

. G(t)

L =AG+ A L"

Ac(t) Zc(t) +
X b= Az + A, y — —nlt)

L¢ Ze = Mz + g
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The notion of moment - Double-sided interconnection

Am__*Q:AQ+A v=u iiAHJM y=x Q:MQ+Lx_ﬁmw
v = R(, y=Cx n=_C
L=L¢+L"
oY = ML ol,” = L"A

The Loewner matrices
define the interpolating system

r=L"tolr - L™ 'Vu,

Yy = Wr Moment at A,

Moment at u
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The notion of moment - Double-sided interconnection ====<

A(t)_¢r=ACT+A v=1u a'ciAx+Bu y=x éf:MC£+LX—-n(t)
v = R( y=Cx n=_{
K

oL* = ML' oL" = L"A

r=L"toLr — L™ 'Vu,
Zh":::I¢/T
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The notion of moment - Double-sided interconnection ====<

A@——»ii%?+A v Zzéi+3u y=x %ZZU+LX__”W)
}J{
e — MLE ?“ — LTA_
alIL.“'z
’T'_ O'IL )’r‘— u
)7 (oLt -

yr = W(t)r.
e o apeveniagon oot somactas |
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The notion of moment - Double-sided interconnection ====<

GO =MGO)+FAD | V=W | &)= fle(t) + ge()ult) Y =X |[C(t) =m(C(t) + (x(t)

A(t) —
o(t) = (1) (0 = h(e(e) n(e) = Gt

— 7)(t)
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The notion of moment — Double-sided interconnection ===

G =MGO)+AD | v =Uu | i) = fel0) + alal)u) Y = X |Ct) =m(G(t)) + £(x(t)) (t)
v(t) = (¢ (1)) y(t) = h(z(t)) n(t) = (e(t) I

At) —

gg"(@)—f(X(CT)Hg(X(cr))r(cr) Three invariance-like equations %f(z)=—m(—¥(m))—f(h(m))

o 4
= ZICL (&) = (—m@))—v(cr)r(@)/

The left- and right- Loewner “functions” transform L(¢) = —Y(X(¢))

the cascade into a parallel interconnection L7(¢) = L(¢) — L*(¢)
e oG = (L) + GG <
=MXG) The shifted left and shifted right Loewner “functions”
\ are Lie derivatives “along the interpolation points”
y oL . B B .
G) = 5 (X(G))g(X(G) == = o (r)i =oL(r) = V(rju,  yr=Wi(r)

The autonomous behaviour of the interpolating system is such that
the shift and the time differentiation commute with some correction
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1. Mements and phasors
¢ 2. Ghe Loewner functions

3. Fewistence of excitation



Universita di Roma

Imperial College
London

Excita hiliw Tor Vergata

’ﬁ = S’I] + wou
Reachability
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Excitability - Linear systems

w = Sw

w(O) = Wy

N =51+ wou
' l Reachability

|

The excitation distribution The excitation rank condition

E(w) = span{Skw, k€Zs} dim F(w) = v weW
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Excitability — Nonlinear systems
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w = s(w) D W
o0) — o my =s(n)+

The excitation distribution

06
Ohi1 W —->W,w 8—k(w)8(w)a k€ Z>
w

E(w) =span{f;(w), k € Z>o}

Excitation distribution # Strong accessibility distribution
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Excitability — Nonlinear systems Tor vergata

w = s(w) S o
o(0) — (= s(n)+

The excitation distribution

06
Ohi1 W —->W,w 8—k(w)8(w)a k€ Z>
w

E(w) =span{f;(w), k € Z>o}

The excitation rank condition
dim F(w) = v weW

Excitation rank condition # Strong accessibility rank condition /
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Excitahility - A geometric characterization B Vergata
w = s(w)
w(0) = wy

Suppose solutions are analytic

The excitation

t+T
.
Solution W[t,t+T] :/ w(T)w(r) dr “ rank condition
is PE = t holds at every

PD for all t and some T w € Y4 (wo)

v
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Excitahility - A geometric characterization B Vergata
w = s(w)
w(0) = wy

Suppose solutions are analytic
and wy Is almost periodic

The excitation

t+T
-
Solution W[t,t+T] :/ w(T)w(r) dr rank condition
is PE “ t “

holds at
PD for all t and some T Wo
7,{ ogo/;r, "L ur Theorde-dor ﬁ&éjserz’oﬂ&cﬁén | /
| ?un&ionen ,f ' ;?cta ﬂoat/f., 1925
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Excitahility - Applications
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Excitability - Applications Tor Vergato

=

. Cayley, "Sur fos determinants gauches", Crelle's Journal, 1847~
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1. Mements and phasors
2. YGhe Loewner functions

3. Fewistence of excitation
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Eacitability and PE naturally lead te adaptive control

Where is the curse of lineaxity [time-invariance in adaptive contral?

Classical adaptive control

|&I adaptive control

System

Parameter
estimation |[—

error

Parameter
estimation
error

Design the update law to
create a passive
Interconnection

Design the update law to
create an L, stable
cascade

Universita di Roma
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Adaptive control Yor Vergats
x=0()x*+u
Classical adaptive control |&| adaptive control
x%z € L,

[Z=é—9+ﬁ}
3

Passivfty? 27 € £,?

A Adaptation \L ]
0—0 |[«—— : z=0-0+p
/ gain

v 16 \T‘*y‘lé

©
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Rdantive control — Congelation of variables

x=0(t)x*+u

x3
X
Replace 6 with | . /

an unknown
constant £4

?—b X x’
Passi Ft_’7
asSSIviLy : A . .
g — 6 is not an estimate, but only an
\_ H—0 |le— instrument to create a passive

_ interconnection
yle -

. Dochner, %r/&sunjen iber Fouriersche C%w(;yrafe, 1932 >
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= 0(t)z + b(t)u

1
) )
— X
ng —
o P i
@ . 7
b G A 0—tg|* =3
NN S
I~ §N
A\
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Jhe cangelation of vadiabiles allows to wecaver, in simple cases, passive

Fow de we extend this idea te moe genenal systems?

Js time-invaviance explaited in other steps of classical adaptive design?

q
X1 =X + o1 (y) + Z ¢1,;(¥)a;(t)
J=1q
%p = Xps1 + B0, () + ) 650N (0) + b (g
j=1

q
¥n = on() + ) ;) (0) + bo(Hg(u
j=1

Yy = X1
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q
X1 =X+ Po1(¥) + Z ¢4, (¥)a;(t) b‘ Systeml >
=1

q
. Input Qutput
Yy = Xpi1 + D0, () + Y Bp NGO +bp(gu | T P
j=1 A 4
! Reparameterized
in = Pon() + ) 0D (0) + by (Hg (G system
j=1
y=X1

£ = Aye + DT (A, + | - ”"1]9(y)u X = E+ vy o ET]Op + €

LI
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y = Wy + CI_J‘D?Q + &y + ‘Lob?nv?nz

1-)m,i = _kivm,l + Vmi+1
Ump = _k,ovm,l t Ump+1 T g(yu
. b1 b 1
xp+1 = — zlm xp+1 + xp+2 + y,0+1 + K(y(p) y(p ) _
. b1 2 (p-1)
tn =~ xp+1+yn+a(y(‘°) " —---—yp)

’ s

~,)
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. bm-1 bm-1
Xp+1 = _Zl—xp+1 T Xpr2 Vo1t IT (y(p) —N
m m
. bm-1 by (p—1)
Xn = prwl +yn+a(y(p)_y1 _'"_yp)

e e

(p-1) _ .

~y,)
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Y(y)
collects

Y, $0,i (), bi;(¥)
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Rdantive control — Congelation of variables

|&I adaptive control

A general stabilization result

ETT/: < 0 can be achieved by
damping and scaling if there is at
least one green node in every loop

I. fu/er, Dolutio Jarob-fematz'o‘ ad

_geometriam situs pertinentis, 1741
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1. Mements and phasors
2. YGhe Loewner functions

3. Fewistence of excitation



Universita di Roma

Imperial College
London

Ontimal control
Optimal contiol probilems can be salved using dynamic programming ax
Fontwagin’s minimum principle

Cambining bath approaches may yield a new pewspective and new
opliiiti it

The basic linear ingredients

i — Az + Bu L) =5 | " (@(®)TQut) + u(t) T Ru(t))dt

O

0=Q+A'"P+PA—-PBR'B'P

A —-BR'BT
—Q —AT

Timaeus ?f Jacrmina, , Z@geen :ﬁz’cﬁ» and the isoperimetric Jaroﬁfem " e 345 BGC-e 250 B G
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For any initial condition and any t>0 the
composition has a fixed point

Flow backward
along the
A Hamiltonian system

Lifting jon the Projection

|
i
!
- T,
invariant subspace-{ | [ 1] ? onto X
of the Hamiltopian |- T [F” i
/ |

~

e o(A+BKT) L)

-7 Flow along the
optimal closed-
loop system
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Ontimal control - A graphical interpretation onege
.. and equivalently
Optimal Flow along the v ¥

220
path \ Hamiltonian system 72/./

Non-optimal
path

Prpjection | _.-~,
()nto )/(_/'/ ' Y I

‘ | 1L, Y . (A—I—BK)t "
) - ﬁ >
e e (ATBE)t o, T

Flow backward
along the optimal
closed-loop system
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Ontimal control - A graphical interpretation orvergata

The optimal feedback gain and the solution
of the Riccati equation are such that

o(A+ BK*) c C~ Stability

Y ps g+ (t,20) = 2 Fixed point

Ypk(t, ro) £ 11, (B_Ht [ 1;’ ] E(A+BK)t;£:U)

3

I, 0@y (—t;-)o0 %‘-'?‘(A+BK):::(?5§ ro)
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Ontimal control - Linear systems Tor vergato

The optimal feedback gain and the solution
of the Riccati equation are such that

o(A+ BK*) C C~

(0= MHN(P*) — (A + BK*)

— TH*N(P*) — (A + BK*)*
Linear in P* <] Polynomial

\ . in K*

(0= MH?"N(P*) — (A+ BK*)>"

This relies on Cayley-Hamilton theorem @
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Ontimal control - Linear systems Tor vergato

The optimal feedback gain and the solution
of the Riccati equation are such that

o(A+ BK*) C C~

0= W(K*)+(Y=Jo(K*))T P*+P*(Y —Jo(K*))+P*X P*

o~

Positive semi-definite

Positive semi-definite, also for
robust control problems

This is amenable to the use of optimization algorithms on the
manifold of positive definite matrices with cost

J=tt(W+ (Y —Jy)'P+P(Y —Jy) + PXP)?
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Ontimal control — Nonlinear systems o vecata

The basic nonlinear ingredients

= f)tgleye  min {; | tate) + uto) )df}
0= galr) + () f() — 3 2 (2)g(e)alw) T ()T
M) = sa(e) + AT 1) — AT g(x)g(x) T

Skew-symmetric
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Optimal Flow along the |, V. V(@)
path Hamiltonian system L
npN’HU:" ) E"'H'F Non-optimal

path

Projection | /i
ontox ./ VI
=

Flow backward
along the optimal
closed-loop system
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Ontimal control - A graphical interpretation orvergata

The optimal feedback gain and the solution
of the optimal costate equation are such that

Stability

Fixed point

3

0= MD;(JVH)(xo, Ao) — Di(f + gm)(x0)
Di(f) = (VDi—1(f))Do(f)

This is amenable to compute arbitrarily accurate approximations
of the optimal control law without solving any PDE
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Summary

1. Mements and phasors

2. Jhe Loewner functions [-| Analysis

3. Fewistence of excitation

- Design
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Some take-away messages

1.  Linearity and time-invariance provide a very powerful stucture which

2. U careful study of lineaxr, time-invariant systems with abstract tools
allows
and design teals
* improving cur undewstanding of essential featwies and
. st

* lueaking the cuwse of lineaxity and time-invatiance
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